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Enhancement of Mini-Max Type Robust Optimal Design
using Function Regularization∗
Noriyasu HIROKAWA∗4, Kikuo FUJITA and Chiou Tzi FAM
∗4 Department of Mechanical Engineering and Biomimetics, Kinki University,
930 Nishi-mitani, Uchita, Wakayama 649-6493, Japan
This paper proposes a method for enhancing the quality of mini-max type robust optimal design
by using the concept of function regularization. Since robust optimal design considers variations under
various noises, the quality of a solution is affected by the intermediate model for considering variations of
the objective function and constraints within a distribution region. The mini-max type robust optimal design
has been proposed by the authors for considering the bounding points of the objective and constraints within
the distribution region as a definition of robust optimality. The function regularization proposed in this
paper enhances its accuracy by filtering the functions so as to improve fidelity of quadratic approximation,
which is used for obtaining the bounding points. The filter is formulated as the form of Fourier series and is
implemented for the mini-max type robust optimal design scheme. Then, numerical experiments, in which
second-order Fourier series is used as the filter, are demonstrated with two numerical sample problems; a
two-dimensional algebraic problem and a simple structural optimal design problem.
Key Words : Robust Optimal Design, Function Regularization, Design Optimization, Mini-Max Type
Formulation, Quadratic Response Surface.
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2.1
find x =
[
x1, x2, · · · , xnx
]T
that minimizes f (x, p)
subject to gk(x, p) ≤ 0 (k = 1, 2, · · · ,ng )

(1)
x =
[
x1, x2, · · · , xnx
]T p =[
p1, p2, · · · , pnp
]T
nx
np
x
p
v =
[
xT , pT
]T = [ v1, v2, · · · , vnv ]T
nv = nx +np
Pf
find x
that minimizes Exp [ f (v) ] =
∫
v
Φ(v) f (v) dv
subject to Probability[ g1(v)≤ 0 ∩ g2(v)≤ 0 ∩
·· · ∩ gng(v)≤ 0
] ≥ Pf
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(3)
find x
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v ∈ R
f (v)
subject to max
v ∈ R
gk(v) ≤ 0
(k = 1, 2, · · · ,ng )
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Fig. 1 Evaluation model in optimal design
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Fig. 2 Effect of function regularization
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(2)
f (v)
gk(v) (k = 1,2, · · · ,ng)
h(v)
find v
that maximizes h(v)
subject to v ∈ R(vo, Σ, α )
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(5)
find v′′
that maximizes
˜h(v′′) = h(v′′o) +
nv∑
i=1
βiv′′i
+
nv∑
i=1
nv∑
j=i
βi jv′′i v′′j
subject to v′′T v′′ ≤ χ2(nv,α )
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Fig. 3 Mini-max type robust optimal design by
regularization
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sin
hζ S
(
αζ ,hS(h(v))
)
= hS(h(v))+
N
∑
n=1
bn sinnpi hS(h(v)) (7)
hS( · ) h(v)
hmin 0 hmax 1 1
αζ = [ b1, b2, · · · ,bN ]T sin
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(
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(
αζ ,hS(h(v))
))
3.5
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αζ
find αζ = [ b1, b2, · · · , bN ]T
that minimizes
Eζ =
1
nζ
nζ
∑
k=1
[
hζ
(
αζ ,h(v)
)
− ˜hζ (αζ ,vk)
]2
subject to
∂hζ S(αζ ,hS(h(v)))
∂hS(h(v))
≥ 0
over 0≤ hS(h(v))≤ 1
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C(0) = 3.0
N = 2
nζ = 400
∆h = 0.33
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(1)
2
find x =
[
x1, x2
]T
that minimizes
f (x) = 2− 40
(x1−3)2+(3− x2)2
subject to
g1(x) =
−50
(x1−1.75)2(x2−5)
−4≤ 0
g2(x) = log(0.1x1+0.41)
+x2e
(x1
2+3x2−4)− x2−1≤ 0

(10)
σ = [ 0.13, 0.13 ]T Σ =[
1.690×10−2 8.450×10−3
8.450×10−3 1.690×10−2
]
4
g2(x)
(2)
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Fig. 4 Contour plot of two-dimensional sample problem
Table 1 Result of two-dimensional sample problem
Robust optimum on
original functions
Robust optimum on
regularized function
Vaules
in for-
mulated
model
Vaules
in real
behav-
ior
Vaules
in for-
mulated
model
Vaules
in real
behav-
ior
x1 −0.3945 ←− −0.3943 ←−
x2 1.1139 ←− 1.1003 ←−
g1(x
∗) 0.0000 0.0148 0.0000 0.0023
g2(x
∗) 0.0000 0.1835 0.0000 0.0139
f (x∗) −0.2903 −0.2874 −0.3201 −0.2818
1 2 4
2
3 5
2
( 5 )
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Fig. 5 Regularization filter for g2(v) at the final
iteration ( b1 =−0.128, b2 = 0.076 )
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Fig. 7 Optimal design problem of welded beam
g2ζ (αζ ,g20 ,g2(v)) 6 (a)
2 (b)
(c) (b) (c) g2 = 0
g2 ≤ 0
×
(b) 2 g˜2 = 0
(c)
g˜2ζ = 0
4.2
(1)
7
(9)
find x = [h, l, t, b ]T =
[
x1, x2, x3, x4
]T
that minimizes
f (x) = c1 x12 x2+ c2 x3 x4 (L+ x2)
Subject to
g1(x) = τ (x)− τmax ≤ 0
g2(x) = σ (x)−σmax ≤ 0
g3(x) = x1− x4 ≤ 0
g4(x) = 3.18×10−3− x1 ≤ 0
g5(x) = δ (x)−δmax ≤ 0
g6(x) = P−Pc (x) ≤ 0
2.54×10−3 ≤ x1 , x4 ≤ 5.08×10−2
2.54×10−3 ≤ x2 , x3 ≤ 2.54×10−1

(11)
τ σ δ
·max Pc
c1 c2
L = 355.6 (mm), P = 26.7 (kN), τmax = 93.9
(MPa), σmax = 207.0 (MPa), δmax = 6.350 (mm),
c1 = 67.414 ($/m3), c2 = 2.936×103 ($/m3)
E = 207.0 (GPa) G= 82.8
(GPa)
σ = [ 0.5 , 0.5 , 0.17 , 0.17 ]T (mm)
diag( 0.25, 0.25, 0.0289, 0.0289 )
(mm2)
(2)
(a)
(b)
(c) g1(x) g2(x) g5(x)
2
(7)
( )(3)
find x = [h, l, t, b ]T =
[
x1, x2, x3, x4
]T
that minimizes
f (x) = c1 x12 x2+ c2 x3 x4 (L+ x2)
Subject to
g1
′(x) =
1
τmax
− 1
τ
≤ 0
g2
′(x) =
1
σmax
− 1
σ
≤ 0
g3(x) = x1− x4 ≤ 0
g4(x) = 3.18×10−3− x1 ≤ 0
g5
′(x) =
1
δmax
− 1δ ≤ 0
g6(x) = P−Pc (x) ≤ 0
2.54×10−3 ≤ x1 , x4 ≤ 5.08×10−2
2.54×10−3 ≤ x2 , x3 ≤ 2.54×10−1

(12)
g1
′(x) g2
′(x) g5
′(x) (11)
g1(x) g2(x) g5(x)
(3) 2
6 “∗” (c) (a)
(b) g1(x) g2(x) g5(x)
( 2 (b))
( 2 (a))
( 2 (b))
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Table 2 Robust optimal design result of welded beam
(a) Robust optimum over
original functions
(b) Robust optimum over
regularized functions
(c) Robust optimum by
manual reformulation
Values in
formulated
model
Values
in real
behavior
Values in
formulated
model
Values
in real
behavior
Values in
formulated
model
Values
in real
behavior
x1 = h [mm] 6.276 ←− 6.373 ←− 6.381 ←−
x2 = l [mm] 247.367 ←− 244.019 ←− 244.185 ←−
x3 = t [mm] 193.444 ←− 192.195 ←− 192.095 ←−
x4 = b [mm] 7.858 ←− 7.954 ←− 7.962 ←−
g1(x
∗) [MPa] 0.000 0.567 0.000 0.159 0.000(∗) 0.000
g2(x
∗) [MPa] 0.000 0.033 0.000 0.008 0.000(∗) 0.000
g3(x
∗) [mm] 0.000 0.000 0.000 0.000 0.000 0.000
g4(x
∗) [mm] −1.601 −1.601 −1.697 −1.698 −1.705 −1.705
g5(x
∗) [mm] −5.914 −5.913 −5.914 −5.913 −5.911(∗) −5.910
g6(x
∗) [kN] −15.177 −15.166 −16.642 −16.638 −16.768 −16.757
f (x∗) [$] 3.736 3.736 3.751 3.746 3.751 3.751
( 2 (a)) 2
( 2 (c))
2
2
4.3
4.1 2
500
3,800 4.1
2,700
8,000
5
1 sin
2
B 13750119
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A 2
(7) 2
(N = 2) b1, b2
(8) 8
C
(
0, 1
4pi
)
b21+32
(
b2− 14pi
)2 = 2
pi2
b2 ≤ 12 b1− 12pi , b2 ≤ − 12 b1− 12pi , b2 ≤ 18 b1, b2 ≤ − 18 b1
C P d1
CP Q
d2
d1
d2
≤ 1
(8)
[ b1, b2 ]T = [ 0, 0 ]T
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